We study the Janus interface, a domain wall characterized by spatially varying couplings, in two-dimensional N = (2, 2) supersymmetric gauge theories on the twosphere. When the variations of the couplings are small enough, SUSY localization in the Janus background gives an analytic continuation of the sphere partition function. This directly demonstrates that the interface entropy is proportional to the quantity known as Calabi's diastasis, as originally shown by Bachas et.al. When the variations are not small, we propose that an analytic continuation of the sphere partition function coincides with the Janus partition function. We give a prescription for performing such analytic continuation and computing monodromies. We also point out that the Janus partition function for the equivariant A-twist is precisely the generating function of A-model correlation functions.
Introduction and summary
Quantum field theories come with a rich spectrum of operators. The operators that are most commonly studied are local operators inserted at points in a spacetime manifold. It is also quite interesting to study non-local operators supported on a subspace of the spacetime. In this paper we study codimension-one operators in two dimensions. We will refer to the codimension-one operators as interfaces. In the literature "domain walls" and "defects" are other terms commonly used for the same objects.
In particular we will be concerned with the Janus interface. By definition, the Janus interface is an interface characterized by different values of coupling constants on the two sides of the interface. See, for example, [1, 2, 3, 4, 5] . A construction of the 2d supersymmetric Janus interface in a general 2d N = (2, 2) was given in the appendix of [6] .
An N = (2, 2) superconformal field theory (SCFT) has exactly marginal couplings associated with chiral or twisted chiral deformations. We will focus on the twisted chiral ones. Let us recall the relation Z S 2 (t, t) = 0 c/3 e −K(t,t) (1.1) between the two-sphere partition function Z S 2 (t, t) and the Kähler potential K(t, t) on the (twisted chiral) moduli space parametrized by (t, t). Here c is the central charge of the 2d N = (2, 2) SCFT, is the radius of the round sphere, and 0 is a reference length scale. This relation was conjectured in [7] and was established in [8, 9] .
Our main object of study is the supersymmetric partition function on the two-sphere [10, 11] in the presence of a BPS Janus interface, in conformal and non-conformal cases. We will construct a supersymmetric field configuration that defines a Janus interface along the equator of S 2 , so that the twisted chiral coupling t takes value t N at the north pole and value t S at the south pole. It is natural to expect that the Janus partition function Z Janus is given by the analytic continuation of the sphere partition function: Z Janus (t N , t S ) = analytic continuation of Z S 2 (t, t) to t = t N , t = t S .
(
1.2)
This expectation can be validated from a relation found in [12] between the hemisphere partition function [13, 14, 15] and the boundary contribution to the super Weyl anomaly.
Here we demonstrate by a direct localization calculation that this expectation indeed holds. The reference [16] showed that the interface entropy g of the Janus interface in an SCFT is given by a particular combination of analytically continued Kähler potentials as 2 log g = K(t N , t N ) + K(t S , t S ) − K(t N , t S ) − K(t S , t N ) .
( 1.3)
The combination on the right hand side is known as Calabi's diastasis [17] . It is invariant under the Kähler transformation K(t, t) → K(t, t) + f (t) + f (t) , (1.4) where f is an arbitrary holomorphic function and f is the complex conjugate. It was also explained in [16] , using the boundary states and the spectral flow, that g can be written as
(1.5)
Thus our result (1.2) amounts to a demonstration of the entropy-diastasis relation (1.3) by direct SUSY localization. This was the original motivation for this work. We find that the result of localization calculation for Z Janus (t N , t S ) depends only on the values of t at the north and the south poles. We expect that this is an artifact of our localization procedure, and that with a more refined treatment the partition function should depend on the homotopy class of the path in the moduli space along which the moduli t vary as we move from the north pole to the south pole. Here we take a pragmatic approach and propose that in a correct version of the relation (1.2) captures the dependence on the homotopy class.
The Kähler potential can be expressed in terms of the periods of the mirror Calabi-Yau manifold. There is huge literature on the analytic continuation of such periods. In this paper we take an alternative approach and offer a prescription based on the expression of the sphere partition function as a residue integral found in [7] . The integrand involves holomorphic and anti-holomorphic copies of a certain function, which is proportional to Givental's I-function, itself a generalization of the hypergeometric function. (See for example [19, 20, 21] .) The analytic continuation of the holomorphic function can be done by the Mellin-Barnes method.
We organize the paper as follows. In Section 2 we review general aspects of a Janus interface in N = (2, 2) supersymmetric theories. In Section 3 we specialize to gauged linear sigma models (GLSM's) and perform localization calculations. We will explain how to 1 Here we identify the supersymmetric partition functions with the corresponding tt * partition functions. Their equality for conformal theories was conjectured in [18] and proved in [12] . See Section 2.3 for more discussion on this point. perform analytic continuation in Section 4. In Sections 5 and 6, we will study concrete examples and perform explicit calculations. In Section 7 we construct a Janus interface on S 2 in a theory with equivariant A-twist [10, 22] and observe that the partition function with the interface is a generating function of the A-model correlation functions. We will conclude with discussion in Section 8. Appendices contain useful formulas and details of computations.
2 Janus interface in 2d N = (2, 2) supersymmetric theories
Symmetries
We begin by studying the symmetries of N = (2, 2) supersymmetric theories and their interfaces. We will consider non-conformal as well as conformal cases. A general N = (2, 2) theory in Minkowski space has four Poincaré supercharges Q ± and Q ± as we review in Appendix A.1. They satisfy the relations (Q ± ) † = Q ± . An interface extending along the time direction preserves the Hamiltonian while it breaks the translation generated by the momentum. The interface we will study preserves the combination Q + + e −iβ Q − and its hermitian conjugate Q + + e iβ Q − . 2 The symmetry group in Lorentzian signature is generated by the hermitian combinations of generators.
Some of the supersymmetric models we consider flow to an N = (2, 2) SCFT. The supersymmetry algebra of the bulk theory is enhanced to two copies of N = 2 super Virasoro algebra. Let us perform the Euclidean rotation to the complex plane, and also geometrically rotate by angle π/2 so that the interface extends in the spatial direction. The superconformal algebra has left-moving generators usually denoted as L m , J m , G ± r and their rightmoving counterparts L m , J m , G ± r . See [23, 24] for notations.The global part, which preserves the Riemann sphere, of the superconformal group is generated by L m (m = 0, ±1), J 0 , G ± r (r = ±1/2), and their right-moving partners. The complexification of the N = (2, 2) superconformal algebra is therefore sl(2|1, C) ⊕ sl(2|1, C). 3 The usual conformal transformation maps the Euclidean plane to an infinite cylinder S 1 × R. Rotating back to Lorentzian signature with S 1 taken as space, hermitian conjugation acts as
Again the symmetry group in Lorentzian signature is generated by the hermitian combinations. An interface wrapping S 1 can be regarded as an operator I on the Hilbert space. A B-type superconformal interface satisfies
where the sign η = ±1 specifies the spin structure.An A-type superconformal interface satisfies the same relations with the replacement
. We expect that in conformal theories, the supersymmetric interfaces we study flow to superconformal interfaces.
We explained the characterization (2.1) of the interfaces to make contact with the literature. In this paper we will mainly study theories on S 2 . On S 2 , one can couple a possibly non-conformal N = (2, 2) theory with vector (or axial) R-symmetry u(1) V (or u(1) A ) to a version of supergravity that contains a gauge field for that R-symmetry. 4 A suitable supergravity background with a round metric preserves four fermionic symmetries that generate su(2|1) V (or su(2|1) A ). The interface we will consider breaks the symmetry group to u(1|1) V (or u(1|1) A ).
A different supergravity background [8] with a deformed metric (3.8) only preserves u(1|1) V (or u(1|1) A ). In this case an interface does not break symmetries further.
Off-shell construction of the Janus interface
In two dimensions, a conformal field theory with N = (2, 2) supersymmetry comes with a moduli space M of exactly marginal couplings. The space M is locally a product: M M c × M tc . The factors M c and M tc are parametrized by the coupling constants that can be viewed as scalar components of chiral and twisted chiral supermultiplets, respectively, in accordance with the philosophy of [25] . In this paper we focus on the physics associated with the twisted chiral part M tc .
The Janus interface preserving B-type supersymmetry was defined in [6] , extending the similar constructions in 4d [2, 3, 26] . It is characterized by a profile of the coupling t ∈ M tc that depends on the position in the spacetime, in such a way that B-type supersymmetry is preserved.
A basic idea of this paper is that we can construct a supersymmetric Janus interface in the off-shell supersymmetry formalism by promoting coupling constants to supermultiplets and turning on auxiliary fields. The values of the auxiliary fields are fixed by the condition that the supersymmetry variations of the fermionic partners vanish. Concretely, let us consider a twisted chiral multiplet T = (t, χ
T ) in Minkowski space, where t(x 1 ) is the coupling, χ − and χ − are fermions, and E is the auxiliary field. The metric is
where x ± = x 0 ± x 1 . We are interested in the B-type supersymmetry specified by the condition on the SUSY parameters ( ± , ± )
3) Figure 1 : The expectation value of the Janus interface with a smooth profile of couplings coincides with that of zero width. Upon folding, it is then identified with the hemisphere partition with a particular boundary condition for a product theory.
where β is a real constant. The vanishing of the fermions and their variations
implies that
In Minkowski signature complex conjugation gives E T = −ie iβ ∂ 1 t while in Euclidean signature we have the same relation but β can be complex.
We will explain the off-shell construction even more explicitly for GLSM's in Section 3.1.
SUSY sphere partition function and tt * partition function
In general a Janus interface can have a finite width, meaning that the couplings vary over a region of finite width. The supersymmetric sphere partition function Z Janus in the presence of the Janus interface is, however, independent of the width of the interface. This is because a change in the profiles of the couplings fixing the values at the two poles results in an SUSY-exact shift of the action [6] . 5 Then we can make it infinitely thin without changing the value of Z Janus . We expect that in this limit we obtain a superconformal interface.
Let us consider folding the configuration, turning the thin interface into a boundary with a B-type boundary condition for a product theory. See Figure 1 . It was conjectured in [18] that the supersymmetric hemisphere partition function for a B-type boundary condition coincides with the tt * hemisphere partition function. The conjecture was proved in [12] by establishing a relation between the hemisphere partition function and the boundary contribution to the super Weyl anomaly. 6 Since the equality of the supersymmetric and tt * partition functions 5 See footnote 8. 6 The authors of [12] claim that they also compute Calabi's diastasis using localization. Indeed they show in their paper that a hemisphere partition function depends holomorphically on the bulk moduli. Upon conformal perturbation in the bulk, the hemisphere partition function of the folded theory can then only depend holomorphically on t N and anti-holomorphically on t S , leading to the diastasis for an appropriate ratio of partition functions. Thus their approach is a combination of SUSY localization for the pure sphere partition function and conformal perturbation theory for the Janus interface. In this paper we use explicit localization for the latter part as well. We thank C. Bachas for a discussion and clarification on this point. holds in the presence of an interface, the same also holds for the partition functions with the trivial interface, or in other words for the supersymmetric and tt * sphere partition functions.
3 Janus interface in gauged linear sigma models
We now study the Janus interface reviewed above in the specific setting of N = (2, 2) gauged linear sigma models, which we review in Appendix A.2. In particular we present a construction that makes use of the off-shell formulation of N = (2, 2) supersymmetry.
To avoid cluttering equations, we start with a single U (1) factor. We will generalize the results of the analysis to multiple U (1) factors when writing down the formula for the Janus partition function.
Janus configuration in Minkowski space
The terms in the action that involve the Fayet-Iliopoulos (FI) parameter r and the theta angle ϑ are
Here we applied (A.4) to W = −(t/4π)Σ. Let us promote the complexified FI parameter t to a twisted chiral superfield
2)
We consider the twisted superpotential
with the superfield coupling T . To preserve supersymmetry we impose the conditions δχ T = δχ T = 0 and χ T = χ T = 0 which give the relation (2.5). We obtain
The SUSY variation δ can be expressed in terms of supercharges as
The condition (2.3) corresponds to the B-type combination Q + + e −iβ Q − and its hermitian conjugate. The action can then be written as
In this form the equivalence with the on-shell construction of the Janus interface as given in (A.4) of [6] is manifest.
As noted in [6] , and as follows from the first line of (3.4), the variation of the action under t(
This implies that when we study quantities protected by SUSY we can continuously deform the profile t(x 1 ) while fixing the asymptotics, as long as the theory remains regular during the deformation process. If the theory becomes singular, for example due to the non-compactness in the field space at the conifold singularity discussed later, the physical quantities can jump discretely. Thus the BPS physics depends on the homotopy class of the path t(x 1 ) in the moduli space. We may choose ∆t so that t(x 1 ) becomes a step function [6] t(
with two constants t ± . The delta function in
We write the first term in a way identical to the usual FI and theta couplings, but the values of (r, ϑ) on the two sides of the thin interface are different. In addition, we get a contribution involving the scalar σ localized along the interface.
Janus configuration on the supersymmetric sphere
Let us apply the off-shell construction to the supersymmetric sphere [10, 11] . We work with the deformed sphere metric [8] 
The function f(θ) > 0 behaves as f = + O(θ 2 ) near θ = 0 and as f = + O((π − θ) 2 ) near θ = π respectively. In the case of the round sphere, we have f(θ) = . The SUSY parameters are
We are interested in a configuration of the complexified FI parameter
7 Thus when the system is placed on S 1 × R, slightly different profiles with the same asymptotic values of t act in the same way on Ramond-Ramond ground states on S 1 . As explained in [6] , this implies the flatness of the tt * connection, and hence all the tt * equations [27] .
that depends only on the longitudinal coordinate θ. To preserve SUSY, the fermionic partners of t, t and their variations are set to zero. Formulas in (A.13) and (A.14) give
Note that E T and E T are not the complex conjugate of each other. Localization in the Janus background proceeds as in [10, 11, 8] . The saddle point configurations are given by
We need to integrate over the constant σ (0) and sum over the magnetic flux B ∈ Z.
Sphere partition function with a Janus interface
We now turn to a Janus interface on a two-sphere, where the moduli vary along the longitudinal direction.
Classical action
We can evaluate the on-shell classical action S cl by the formula (A.15) with the twisted superpotential (3.3).
To evaluate the classical action in the presence of a Janus interface, it is useful to notice that the twisted superpotential action (A.15) can be written as
in the supersymmetric background. A similar expression appeared earlier, for example in [22] for the sphere with equivariant A-twist. The result is that the on-shell action for the Janus interface is obtained by replacing (r, θ) with the effective FI and theta parameters
(3.14)
The formulas for the fermion valuations allow us to write S = −4πi (v| θ=0 + v| θ=π ) + δ(. . .).
The result (3.13) implies that the Janus partition function for a general N = (2, 2) theory (not necessarily a gauged linear sigma model) depends only on the twisted chiral parameter t N at the north pole and the twisted anti-chiral parameter t S at the south pole.
where the subscripts N and S indicate that the symbols are evaluated at the north and south poles respectively. Thus we can write the classical action in the presence of a Janus interface as S cl (Janus) = +2ir
Janus partition function
Suppose that the gauge group is s a=1 U (1) a and that the chiral multiplet Φ j has charge Q a j under U (1) a . We use the notation B = (B a ) for magnetic fluxes. Let q j be the vector Rcharge of Φ j . Recall from the above that we need to integrate over the constant mode σ (0) . In the following we use the notation σ = (σ a ), where σ a denotes the combination −i σ (0) for each U (1) a . The usual localization procedure as in [10, 11] gives the Janus partition function written as
where
and
The symbols t a N and t a S denote the values of the renormalized and complexified FI parameters. The contour C of integration needs to be taken appropriately for given such parameters.
This reduces to the usual sphere partition function [10, 11] if we set t N → t, t S → t. In other words, the Janus partition function is obtained simply by analytic continuation t → t N , t → t S . Thus the sphere partition function for a GLSM with a Janus interface is given by the analytic continuation of the sphere partition function via
When the GLSM reduces a conformal field theory, this gives the analytic continuation of the Kähler potential:
As in (1.1) we included the prefactor that depends on the central charge c given by c/3 = j (1−q j )−s of the IR CFT; it arises from a more careful regularization and renormalization, independently of the presence of the interface.
Kähler transformations for the analytically continued Kähler potential
For the usual sphere partition function of an N = (2, 2) conformal theoy, a finite supergravity counterterm accounts for the Kähler transformation (1.4) with t and t being the complex conjugate of each other [9] . A component expression for the counterterm was given in [28] . Let R be the Ricci scalar, F R µν the vector R-symmetry gauge field, and H the graviphoton field strength. The counterterm in the current convention (see [29] ) is
where we have set the fermions to zero. We introduced an arbitrary holomorphic function f (t) and its complex conjugate f (t). The same trick as in Section 3.3.1 works here; (3.21) can be written as f (t)| θ=0 + f (t)| θ=π + δ(. . .). The counterterm then evaluates to
The addition of the counterterm has the effect 23) which is equivalent to the Kähler transformation (1.4) with the replacement t → t N , t → t S .
Analytic continuation and monodromy
The relation between the space of complexified FI parameters (t a ) and the moduli space M tc of exactly marginal twisted chiral couplings involves identifications by t a ∼ t a + 2πi and monodromies around singularities. As mentioned in the introduction, the localization result (3.19) as well as the value of the counterterm (3.22) depend only on the values of twisted chiral parameters at the north and south poles, not on the homotopy class of the path γ given by the map [0, θ] → M tc , θ → [t(θ)], where [ • ] denotes the equivalence class defined by the identifications above.
In the rest of the paper we take the pragmatic approach and assume that the Janus partition function is given by the analytic continuation along γ. There are codimension-one singular loci in M tc , and it is an interesting problem to study the effect of the monodromy along a closed curve γ that begins and ends at the large volume limit after going around singular loci.
Our computation will involve a certain function Ψ λ (x) that naturally arises in the analysis of Picard-Fuchs equations for GLSM's by the Frobenius method. This function coincides with the so-called I-function [19, 20, 21] up to an x-independent but λ-dependent multiplicative factor. We will make contact with [30, 31] where analytic continuation and monodromy in GLSM was studied in terms of the hemisphere partition function.
For a general N = (2, 2) SCFT, the moduli space M tc of exactly marginal twisted chiral couplings is a local (or projective) special Kähler manifold [32, 33, 34] . In particular M tc admits local projective coordinates X I and a homogeneous function F(X I ) of degree two, i.e., F(λX I ) = λ 2 F(X I ). In terms of these data, the Kähler potential is given by
When we view X I (t) and F I (t) as holomorphic sections on M tc dependent on local coordinates t = (t a ), the Kähler transformation (1.4) corresponds to the holomorphic rescaling
We may write the expectation value of the Janus interface as
5 Calabi-Yau hypersurface in a projective space
In this section we study a specific class of GLSM's. The gauge group is U (1), and the theory has chiral multiplets Φ i (i = 1, . . . , n) and P . We assign gauge and vector R-charges as follows.
We take the superpotential
where G(Φ) is a homogeneous polynomial of degree n. Let us denote the bottom components of Φ i by φ i . We assume that the equations
have no solution except the trivial one φ 1 = · · · = φ n = 0. The equation
defines a complex hypersurface M in CP n−1 . For r 0, it is known that this theory flows to the N = (2, 2) non-linear sigma model with the Calabi-Yau M as its target space. The complexified Kahler class of M is identified as t in this limit. For r 0 this theory reduces to the Landau-Ginzburg orbifold.
Janus partition function
We set = 0 . The sphere partition function without an interface is [10, 11] 
The integration contour asymptotes to ±i∞, and is chosen to separate the poles σ p of the first factor in the integrand (Re(σ p + q) ≤ 0) from those of the second factor (Re(σ p + q) ≥ 1/n). We consider the region r 0 where the theory flows in the IR to the non-linear sigma model with a target space M . In this region, the contour can be closed in the left half-plane yielding the answer
with the notation |F (x, )| 2 := F (x, )F (x, ) and x := e −t+nπi = e −r+i(ϑ+nπ) , x := e −t−nπi = e −r−i(ϑ+nπi) . The -integration contour is a small circle around the origin. Next let us consider the sphere partition function with an interface
One issue is the choice of integration contour C. For ±Im σ 0, the integrand behaves as exp[(r N + r S − iϑ N + iϑ S ∓ 2n log n)σ] =: exp[c e iα ± σ] with c 0 and α ± ∈ R. When ϑ N = ϑ S the phase α ± vanishes and the integral strictly along the imaginary axis converges.
9 When ϑ N = ϑ S , we have non-zero phases α ± = 0 and the integral strictly along the imaginary axis is no longer oscillatory; for convergence we need to tilt the contour C so that it is contained in the region of the σ-plane where the integral converges. With an appropriate choice of the contour, we conclude that
This gives the analytic continuation K(t N , t S ) of the Kähler potential via
9 A convenient summary of the conditions for such convergence is Lemma 3.3 of [35] .
Function Ψ λ (x)
Let us define
By Frobenius' argument, these give a basis of solutions to the Picard-Fuchs equation
Function Ψ λ (x) is proportional to the so-called I-function [19, 20, 21] up to an xindependent but λ-dependent multiplicative factor. 10 The flat coordinate usually denoted as B + iJ = τ is given by ∂ λ Ψ λ /(2πiΨ λ ) evaluated at λ = 0:
Here ψ(z) = Γ (z)/Γ(z) denotes the digamma function.
Monodromies
We can write the sphere partition function (5.5) as
Thus we can obtain the monodromy transformation of Z S 2 (t, t) from the knowledge of the monodromy of Ψ λ (x).
In the x-plane, the only singularities are at x = 0 (large volume), n −n (conifold point), and ∞ (Landau-Ginzburg orbifold point). Under the shift ϑ → ϑ + 2πi (x → e 2πi x) around x = 0, there is a monodromy
The precise relation between Ψ λ (x) and the I-function I [20] is
In Appendix B we show that analytic continuation along the loop that goes around the singularity at x = n −n counterclockwise gives
The µ-integration contour goes around µ = 0 counterclockwise. Loops around x = 0 and x = n −n generate all possible non-trivial loops.
Cubic elliptic curve
We set x = e −(t−3πi) . Let us introduce Φ 0 and Φ 1 by
The flat coordinate is
The Janus partition function is given in terms of Φ 0 and Φ 1 by
We note that Φ 1 (x) = −Φ 1 (x). Thus we have the relation
The interface entropy g is given by
which reproduces a basic example of [16] . Let us study the monodromies. Under the minimal shift of ϑ for r 0, i.e., x → e 2πi x, we have the monodromy
When going around the singularity x = 3 −3 counterclockwise, the monodromy is given by
These transformations act on τ by Möbius tranformations.
They do not generate the full modular group SL(2, Z). 11 Rather, they generate what is known as the congruence subgroup Γ 1 (3) of SL(2, Z). It is defined as the group of SL(2, Z)
. This means that in our gauged linear sigma model description, the cubic elliptic curve and its mirror carry extra structures in addition to the complexified Kähler and complex structures, respectively, which are preserved by the monodromies visible in the description. Let us recall that the T-duality group of the nonlinear sigma model with torus target is P SL(2, Z) × P SL(2, Z) (Z 2 ) 2 . Its subgroup that acts on the complexified Kähler modulus τ holomorphically is P SL(2, Z). The monodromy group Γ 1 (3) visible in the current gauged linear sigma model description is only a subgroup of the SL(2, Z), whose quotient by its center is P SL(2, Z). In particular, the values of t that correspond to τ and −1/τ give the identical IR theory 12 ; this equivalence is not manifest in the gauged linear sigma model description.
The fundamental domain of Γ 1 (3) is shown in Figure 2 . The singularity x = 3 −3 is mapped to the cusp at τ = 0, where the volume of the elliptic curve is 0, and in the mirror elliptic curve a 1-cycle shrinks. The Landau-Ginzburg point x = ∞ is mapped to the corners
. See [37] for a related analysis. 
Quintic
This is a specialization of the above to n = 5. We set x = e −t+5πi . Specializing (5.13) to n = 5, we have the flat coordinate 5 is the ideal generated by (y − 1) 5 . As explained in [15] , (5.25) is equivalent to the central charge formula conjectured in [38] .
We make the following choices for f B [30] :
We find
The analytic continuation of Φ j (x) in x can be obtained by taking derivatives, as in (5.10), of the analytically continued Ψ λ (x). We can use (5.26) to read off the monodromy action on the hemisphere partition functions.
The monodromy for the clockwise loop around the conifold point, as follows from (5.16), acts as 
For the loop in the large volume ϑ → ϑ + 2π (x → e 2πi x), we similarly find
The monodromy matrices in (5.27) and (5.28) are in agreement with [30] . They generate the full monodromy group on the quantum Kähler moduli space of the quintic [39] .
Since D-branes provide states in the Hilbert space of string theory, the D-brane hemisphere partition functions form a natural integral basis. This is why the monodromy matrices above are integral. The sphere partition function (and hence the Janus partition function) can be factorized, i.e., written as a sum of products of a hemisphere partition function and the complex conjugate of another. The coefficients that appear in the factorization are the inverse of the matrix of Dirac indices (or Mukai pairings), which are conjecturally identified with the cylinder partition functions specified by two boundary conditions [14, 15] . The cylinder partition functions provide a natural symplectic pairing.
For the prepotential of the quintic [39] 13
the symplectic basis in Section 4 is related to the D-brane basis as
The Janus partition function is then given by (4.3). 13 Our overall sign convention for the prepotential is that of [39] , and is the opposite of [40, 7] . This ensures that the expression (4.1) for e −K is positive in the large volume limit. The coefficients of the polynomial part other than τ 3 are subject to ambiguities due to monodromy τ → τ + 1.
SQED
In this section we study the Janus interface in a non-conformal model, the SQED. We also compute the monodromies of the partition functions and compare them with those obtained in [41] . It was found in [11, 41] that the sphere partition function of the N = (2, 2) U (N ) gauge theory with N F fundamental and N F anti-fundamental chiral multiplets coincides with an A N F −1 Toda CFT four-point function up to a constant factor that can be identified with the (deformed) four-sphere partition function [42] of N 2 F free hypermultiplets. SQED corresponds to the special case N = 1. SQED has N F chiral multiplets of gauge charge +1 and the same number of chiral multiplets of charge −1. The theory has flavor symmetry (U (N F ) × U (N F )) /U (1), where the quotient is by the gauge group. We can couple the theory to background gauge multiplets for the flavor symmetry and give vevs (twisted masses) to the scalar components. We assume that the positively charged fields have twisted masses m f and R-charges q f , while the negatively charged ones have twisted massesm f and R-chargesq f . For non-zero twisted masses, the theory ceases to be conformal. In this section we use the notations m f := i m f + q f /2 (not to be confused with magnetic fluxes in Section 3.3.2),m f := −i m f −q f /2.
14 The final result will be invariant under the simultaneous shifts m f → m f + a 0 ,m f →m f + a 0 by the common constant a 0 , reflecting the quotient in flavor group.
Janus partition function
In the Coulomb branch representation, the sphere partition function of SQED is given as
The contour of integration asymptotes to ±i∞ and is taken to pass to the right of −m f and to the left of −m f for all f ∈ {1, . . . , N F }. We impose the condition f Re(m f −m f ) < N F on the R-charges to ensure that the integral converges. Let us define variables x := e −t+N F πi = e −r+i(ϑ+N F π) , x := e −t−N F πi = e −r−i(ϑ+N F π) . For |x| < 1 we can close the contour of the integration in the left half plane. Manipulations similar to those in Section 5.1 lead to
2) 14 The definitions in this paper and in [41] differ by factors ±i: m where we defined
The contour C encloses all the poles at λ = m f , f ∈ {1, . . . , N F }. Our proposal outlined in Section 4 is that the partition function in the presence of a Janus interface is given by the analytic continuation
of the sphere partition function. Similarly, for |x| > 1 we obtain
for the sphere partition function, where
The contour C encloses all the poles at ζ =m f , f ∈ {1, . . . , N F }.
Analytic continuation and monodromies
For 0 < arg x < 2π, the functions Ψ 
The contour C 1 encloses the poles {m f |f = 1, . . . , N F } ∪ {λ − 1} (and no others), while C 2 encloses {m f |f = 1, . . . , N F } ∪ {λ + 1}. We derive (6.7) in Appendix B.2.1. From the expressions (6.2) and (6.5), we can obtain the monodromy transformations of the sphere partition function Z SQED S 2 through the monodromies of Ψ λ (x). The x-plane has three singularities at x = 0, 1, and ∞. Under the counterclockwise rotation around x = 0 (x → e 2πi x), we have the monodromy
In Appendix B we show that analytic continuation along the loop that goes around the singularity at x = 1 counterclockwise gives
where the contour C 2 encloses the poles {m f |f = 1, . . . , N F }. The relation (6.7) and the monodromy (6.9) are equivalent to those obtained in [41] . The vortex partition functions f ) given by the braiding matrices B ± in [41] , and that the monodromy matrix M 1 around x = 1 as given in [41] is equivalent to our expression (6.9).
Janus interface and the generating function of Amodel correlators
In this section we briefly study the Janus interface on S 2 with the equivariant A-twist, also known as the A-twist with omega deformation [43, 22] . We specialize to the Calabi-Yau hypersurface model considered in Section 5.
The supergravity background, written down in [28] and given in [29] in the current convention, is characterized by the omega deformation parameter Ω .
17 (The special case Ω = 0 corresponds to the pure A-twisted theory [44, 45] .) In the absence of a Janus interface, the complexified FI parameter t = r − iϑ is constant across the two-sphere. Even in such a case, in a supersymmetric saddle point configuration, the scalar σ in the vector multiplet is not constant when Ω = 0. Although SUSY localization is possible with the insertion of σ either at the north (θ = 0) or south (θ = π) pole, the value of the correlator does depend on at which pole σ is inserted. Let O t denote the expectation value of the operator O in the theory with modulus t. The reference [28] introduced the generating function
of correlation functions in the theory, where σ N is the field σ inserted at the north pole. It was found that F t (z) obeys an appropriate Picard-Fuchs equation. These correlation functions were further studied in [46, 47, 48] .
We point out that the generating function (7.1) is nothing but the partition function in the presence of a Janus interface in the theory.
Let us construct the Janus interface in this background by the off-shell method we introduced in Section 2.2. We promote t to the scalar component of a twisted chiral multiplet T and demand that the SUSY variations of the fermionic components vanish. The trick we used in (3.13) and reviewed in footnote 8 gives the classical action in a supersymmetric configuration (saddle point in SUSY localization)
where the subscripts indicate that the symbols are evaluated at the north or the south pole. We choose to rewrite this as
and identify z with (t S − t N )/ Ω . Then the Janus partition function with equivariant A-twist is Z
A-twist, Ω Janus
We also note that for the quintic model studied in [22] the Picard-Fuchs equations are satisfied with respect to both t N and t S . Together with the results for correlators in [22] , this implies that the Janus partition function can also be written as
where Ω is the homomorphic three-form on the mirror Calabi-Yau such that e −K = i Ω∧Ω, and the periods X I and F I are the quantities discussed in Section 4. The relation between the generating function F (z; t) (equivalent to an expression involving the Givental I-function or Ψ λ ) and the right hand side of (7.5) was observed earlier in (8.5.6) of [47] , which proved the relation in the more general case. We also note that the expression in the middle of (7.5) appeared already in the original paper [39] .
Discussion
As mentioned in the introduction, the localization result (3.19) and the value of the counterterm (3.22) depend only on the values of t and t at the north and south poles. In a more refined treatment we expect the partition function should depend on the homotopy class of the path in the moduli space.
Let us review the argument for why the GLSM partition function computed by localization should coincide with the CFT sphere partition function. The GLSM comes with the physical gauge coupling g which has the dimension of mass. If the size of the sphere is large compared with g −1 , the partition function of the GLSM should equal the CFT partition function. In SUSY localization a new term tQ · V with a fictitious coupling t is added to the action, so that the Gaussian approximation is exact in the limit t → +∞. Even though in this limit the characteristic length scale set by t becomes infinite, the modification of the action should not affect the value of path integral because it is Q-exact.
The length scale set by the variation of the moduli for the Janus interface is simply the radius of the sphere. It would be interesting to pinpoint where the argument for the sphere partition function above fails for the Janus partition function with t N = t S but with the profile t(θ) that gives a homotopically non-trivial path γ in the moduli space. We emphasize that we proposed and implemented a concrete mathematical analytic continuation procedure that computes the effect of monodromy.
A localization technique [49] that does capture the effect of monodromy is the introduction, in the folded theory, of a boundary interaction [50] based on the matrix factorization for the Fourier-Mukai transform corresponding to the monodromy [5] . We can also consider a situation where the change in couplings occurs in several steps; it would be interesting to see if the application of the gluing methods of [51] gives a result that depends on the homotopy class [γ] of the path γ.
Various superfields are characterized by conditions involving superderivatives
In this paper twisted chiral superfields play prominent roles. A twisted chiral superfield Φ is characterized by the conditions D + Φ = D − Φ = 0. It has an expansion
is a holomorphic function of twisted chiral superfields Φ j . The corresponding action in Minkowski space is
In the last line the arguments of W and W are v j and v j , respectively. In our convention
A.2 Gauged linear sigma model
We review the gauged linear sigma model with the abelian gauge group U (1) s . The formulas here are for Minkowski space.
The theory contains vector superfields V a (a = 1, . . . , s). We can form twisted chiral superfields Σ a = D + D − V a , which satisfiy the conditions D + Σ a = D − Σ a = 0. They can be expanded as
where v aµν = ∂ µ v aν − ∂ ν v aµ is the field stremgth for the gauge field v a = v aµ dx µ . Let e a be the gauge coupling for the a-th U (1). The gauge kinetic term is
We also have the action (A.4) constructed from the twisted superpotential
It is the sum of FI and theta terms
The chiral superfields Φ i are characterized by the conditions D ± Φ i = 0. We denote their charges under the a-th U (1) as Q ia . The chiral superfields can be expanded as
where y ± = x ± − iθ ± θ ± . The kinetic term for the chiral superfields is 10) where the fermionic measure is defined as
The corresponding action is
The total action for the gauged linear sigma model is
We collect relevant formulas for N = (2, 2) u(1) V supergravity [52, 53, 54, 55, 56, 28] . We use the convention of [29] , and the formulas are given in Euclidean signature. We set gravitni to zero as in [28] . We also assume that the SUSY parameters ( ∓ , ∓ ) are such that the gravitino variations vanish. Our formulas are expressed in terms of the orthonormal frame (eẑ, eẑ) = (Ωdz, Ωdz) such that the metric is ds 2 = eẑeẑ = Ω 2 |dz| 2 . Fields in twisted chiral and anti-chiral multiplets transform as
(A.14)
Given a twisted superpotential W (v) for twisted chiral multiplets (v j , χ j − , χ j + , E j ), the corresponding action in Euclidean signature is
where H is the graviphoton field strength. On the deformed sphere (3.8), H and its conjugate take value H = H = −i/f(θ).
B Details of analytic continuation
In this appendix we provide details of the analytic continuation of Ψ λ (x). Our analysis is most directly influenced by [35] . The formulas for analytic continuation and monodromies in this appendix have been checked by plotting the functions along continuation paths numerically.
B.1 GLSM for the Calabi-Yau hypersurface
Recall from (5.9) that
in the region near the large volume point x = 0. The function has a singularity at x = n −n . For the region near the Landau-Ginzburg point x = ∞, we define
Let us assume that 0 < arg x < 2π. We can write
3)
The contour asymptotes to the imaginary axis and is chosen to separate the poles of Γ(−s) from those of Γ(n(s + λ) + 1) and Γ(1 + s). The integral is absolutely convergent for 0 < arg x < 2π. For |x| < n −n we can close the contour to the right and reproduce the series definition (B.1).
For |x| > n −n we can close the contour to the left and pick up the poles of Γ(n(s + λ) + 1) and Γ(1 + s). There are n sequences of poles extending to the left with integer steps, starting at an element of {− 1 n , . . . , − n−1 n , λ − 1}. We can write the result using (B.2) as
The contour C 1 encircles counterclockwise the poles {− 1 n , . . . , − n−1 n , λ − 1} but no other poles. Note in particular that Ψ
LG ξ (x) as a function of ξ has singularities at ξ ∈ Z ≥0 ; the contour C 1 should not enclose them.
A similar consideration in the opposite direction gives
The contour C 2 encloses 0 and ξ + 1 counterclockwise. As a function of µ, Ψ µ (z −1 ) has singularities at µ ∈ −
B.1.1 Trivial loop
Let us consider a homotopically trivial contour in the x-plane that starts at a point near the origin, goes out to a region with a large absolute value, and then comes back to the original point, always with the argument in the range 0 < arg x < 2π. This corresponds to the integral
We deform C 2 to a new contour C 2 so that it encloses the contour C 1 and its shifted copy C 1 + 1. Upon deformation we pick up the residue of the pole at µ = ξ, which contributes upon ξ-integration
which we need to subtract. We have
(B.8)
We can now change the order of integrations. We also change a variable from ξ to u = e 2πiξ . We get
(B.9)
The u-contour encloses e − 2πi n j , j = 1, . . . , n−1, and e 2πiλ . We want to pull it out and evaluate the u-integral in terms of the poles outside the u-contour. There is no pole at u = ∞ or at u = 1. Only the pole at u = e 2πiµ contributes. We get
Since C 1 enclosed λ − 1, C 2 encloses λ − 1 and λ. Thus we obtain
as expected for analytic continuation along a homotopically trivial contour. 
B.1.2 Loop around the conifold singularity
Next, let us consider analytically continuing x first around the origin clockwise, and then around a large circle counterclockwise. We begin with a point near the origin with 0 < arg x < 2π. Continuing around the origin clockwise, we get Ψ λ (x) = e −2πiλ Ψ λ (e 2πi x) .
(B.12) Note that 0 < arg(e 2πi x) < 2π at this stage. Moving outward with fixed arg x, we get for
We then continue along a large circle counterclockwise using
At this point we have 0 < arg x < 2π. We then move inward, keeping arg x fixed, to the region |x| < n −n :
Thus the result of analytic continuation is
We evaluate the right hand side as before, by deforming C 2 to C 2 and by changing the order of integrations. We get RHS of (B.16) = e −2πiλ
(B.17)
Here the u-contour encloses e −2πi
b n (b = 1, . . . , n − 1) and e 2πiλ counterclockwise. Upon pulling it out, the pole at u = ∞ contributes
Though C 2 encloses 0, λ − 1, and λ, we can deform it so that it encloses only 0 because there is no pole at µ = λ − 1 or at µ = λ. The remaining part is calculated as before. This leads to the analytic continuation formula (5.16).
B.2 SQED
Here we perform analytic continuation for SQED studied in Section 6. The manipulations are similar to those for the Calabi-Yau hypersurface above.
In (6.3) and (6.6) we defined the functions Ψ ζ (x) as convergent series for |x| < 1 and |x| > 1, respectively. Let us assume that 0 < arg x < 2π. In this region the integral
absolutely converges. For |x| < 1 we can close the contour to the right and recover the series definition for Ψ ζ (x) in the first line of (6.7). The relation in the second line can be derived similarly.
B.2.2 Trivial loop
We first consider a homotopically trivial contour that corresponds to the integral
(B.20) Figure 4 : Deformation of the integration contour C 2 to C 2 and C Contour C 1 encloses {m f |f = 1, . . . , N F ]} ∪ {λ − 1} while C 2 encloses {m f |f = 1, . . . , N F } ∪ {ξ + 1}. See Figure 4 . We deform C 2 to C 2 so that it also encloses C 1 as in Figure 4 . Since C 2 = C 2 + C homologically, we can write
Note that for I 1 we have changed the order of integrations, and for I 2 we have performed the integration along C by picking up the residue at η = ξ and there only remains a single integral with respect to ξ. In terms of a new integration variable u = e 2πiξ , we have
(e iπλ − e −iπλ u)(e iπη − e −iπη u) .
(B.24)
Outside C 1 , u = ∞ is no longer a pole, and evaluating the residue at the pole u = e 2πiη gives
The integral I 2 simply gives −Ψ (s) λ−1 (x). Combining I 1 and I 2 , we get
as expected for the trivial contour.
B.2.3 Loop around the singularity at x = 1
Next, let us consider analytically continuing x first around the origin clockwise, and then around a large circle counterclockwise as we did for the Calabi-Yau case. We begin with a point near the origin with 0 < arg x < 2π. In the same way as the Calabi-Yau case, first by continuing around the origin clockwise we have Finally we use the second line of (6.7) to move inward to the region |x| < 1 with fixed arg x.
Combining the operations we get We deform C 1 to the contour which encloses poles at u = e 2πiη and u = ∞. The combination of the contributions from the pole at u = e 2πiη and the ξ-integral in the second line gives Ψ (e iπλ v − e −iπλ )(e iπη v − e −iπη ) .
(B.31)
By picking up the residue at v = 0, we finally obtain the monodromy formula (6.9).
B.2.4 Relation to the braiding and monodromy matrices
In this appendix, we will compute the matrices that represent the relations (6.7) between Ψ ξ (x), as well as the matrix representing the monodromy (6.9). We will compare them with the corresponding expressions found in Appendix A of [41] .
Slightly generalizing the first line of (6.7), we can show that 32) where C 1 encloses all the poles ξ =m f , and the upper or lower sign corresponds to 0 < arg(x) < 2π or −2π < arg(x) < 0 respectively. After performing integration we have (B.39)
The reference [41] considered the monodromy along the contour in the direction opposite to ours (given in Figure 5 ) and obtained the matrix M 1 = B + (B − ) −1 . Then the monodromy matrix M for our contour should coincide with M −1 1 = B − (B + ) −1 . Indeed we checked analytically for N F = 2 and numerically for N F = 3, 4 that the right hand side of (B.39) equals (B − (B + ) −1 ) gf − δ f g . Our computation by analytic continuation amounts to a general analytic proof of the equality.
